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Abstract 



We study a holomorphic effective potential W e ff(&) in chiral superfield model 
defined in terms of arbitrary kahlerian potential K(<&, <I>) and arbitrary chiral po- 
tential W($). Such a model naturally arises as an ingredient of low-energy limit 
of superstring theory and it is called here the general chiral superfield model. 
iq ■ Generic procedure for calculating the chiral loop corrections to effective action 

is developed. We find lower two-loop chiral correction in the form W e ^(3>) = 

§ I (iff C(3)^'" 2 (0)(^g§ y ) 3 where = ^§^4=0 and C(x) be 

0^ ■ Riemannian dzeta-function. This correction is finite at any i^($,$), W($). 



According to the superstring theory the low-energy elementary particle models contain 
as ingredient the multiplets of chiral and antichiral superfields action of which is given in 
terms of kahlerian effective potential K($>, $) and chiral W(*f>) and antichiral W(&) po- 
tentials. These potentials are found in explicit and closed form within string perturbation 
theory (see f.e. |TJ]). Phenomenological aspects of such models have been studied in recent 
papers @. In quantum theory one can expect an appearance of quantum corrections to 
the potentials K(<&, $) and W(§). As a result we face a problem of calculating effective 
action in models with arbitrary functions K(<b, $) and W($>). 

Manifestly supersymmetric technique for calculations of effective action in the theories 
with N = 1 chiral superfields was formulated in recent refs. |§-|5|]. The new approaches 
have been developed in refs. ||. 

The remarkable features of the massless theories with N — 1 chiral superfields are 
the possibilities of obtaining the chiral quantum corrections. A few years ago West |7] 
pointed out that finite two-loop chiral contribution to effective action really arises in 
massless Wess-Zumino model (see also || |J). 

In this paper we solve the general problem of calculating leading quantum correction 
to chiral potential in massless theory with arbitrary potentials K(Q, $) and W(<&), W($>). 
Since all such corrections depend only on <3> but not on <£> they form an effective potential 
which can be called chiral or holomorphic effective potential unlike of kahlerian effective 
potential depending both on $ and $. The remarkable result we obtain in this paper is 
that despite the theory under consideration is non-renormalizable at arbitrary K(Q, $), 
W(Q), the lower (two-loop) holomorphic correction to effective action is always finite. 
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We consider N = 1 supersymmetric field theory with action 

$] = y rf s ^($, $) + ( y rf 6 ^($) + /i.e.) (i) 

where $(z) and <&{z) are chiral and antichiral superfields respectively. As well known, 
the real function K(<&, $) is called kahlerian potential and holomorphic function H^($) 
is called chiral potential [[|. The partial cases of the theory (1) are Wess-Zumino model 
with K(&, $) = $$, IV ($) ~ $ 3 and N — 1 supersymmetric four-dimensional sigma- 
model with = 0. The action (1) is a most general one constructed from chiral and 

antichiral superfields which does not contain the higher derivatives at component level. 
Therefore it is natural to call the theory (1) a general chiral superfield model. In this 
letter we are going to calculate the lowest quantum corrections to chiral potential 
in the model under consideration. 

Let $] be effective action in the model (1). Within a momentum expansion the ef- 
fective action can be presented as a series in supercovariant derivatives D A = {d a , D a , D a ) 
in the form 

r[<M] = / d*z£ eff ($,D A $,D A D B $;$,D A $,D A D B $) + (J d 6 zC { ;} f ($)+h.c.)+. . . (2) 

Here £ e // is called general effective lagrangian, C^h is called chiral effective lagrangian. 
Both these lagrangians are the series in supercovariant derivatives of superfields and can 
be written as follows 

oo 

c eff = # e// (M) + .-- = ^M) + E# e /kM) 



n=l 

oo 



4/ } / = W eff{&) + . . . = W($) + J2 W eff{®) +■■■ (3) 

71=1 



Here dots mean terms depending on covariant derivatives of superfields <3>, $. Here 
K e ff($>, $) is called kahlerian effective potential, H / e //($) is called chiral effective po- 

(n) 

tential or holomorphic effective potential, -Kg// * s a n-th correction to kahlerian potential 

and wjjj is a n-th correcton to chiral or holomorphic potential W . 

To consider the effective lagrangians C e ff and dfjf we consider the path integral 
representation of the effective action |], 

exp(^r[$,$]) = JV(j)V0exp(^S[$ + Vh0,<5> + Vh<i)]- 

- (Jd*z 6 -^^ ( f ) (z) + h.c.)) (4) 

Here $, $ are the background superfields and 0, are the quantum ones. The effective 
action can be written as $] = <I>]-|-r[$, $], where $] is a quantum correction. 
Eq. (4) allows to obtain $] in form of loop expansion 

oo 

f[i>,$] = ^^ n r (n) [$,$] (5) 

?1=1 

(c) 

and hence, to get loop expansion for the effective lagrangians £ e // and C e h 
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To find loop corrections r( n ) [$,<!>] in explicit form we expand right-hand side of eq. 
(4) in power series in quantum superfields <ft, <j>. As usual, the quadratic part of expansion 
of + V^0,$ + V^0] 

defines the propagators and_ the higher terms of expansion define the vertices. Here 
K _ _ d 2 if($,$) K _ d 2 if(<M) , W " _ d 2 W 

The theory under consideration is characterized by matrix superpropagator G 

G{zi > Z2) -{G_ + (z u z 2 ) G^( Zl ,z 2 ) ) (7) 
Equation of motion for this propagator is obtained from action S 2 (|6]) in the form 

W"-\{D*K**) -\D 2 K& 
-\D 2 K m W"-\(D 2 K m 

Here the arrows mean that the corresponding operators act on all function at the right 
side, and 5 + = —^D 2 5 8 (zi — z 2 ), <5_ = — \D 2 5 8 (zi — z 2 ) are chiral and antichiral delta 
functions respectively The signs + and — at the matrix elements of G(z\,z 2 ) denote 
that this matrix element is chiral (+) or antichiral (— ) in corresponding argument. It is 
evident the superpropagator ([7p depends on background superfields $, $. Since we are 
going to obtain the quantum corrections to holomorphic potential we can put $ = in 
eq. @. 

Let us consider a general procedure of calculating the holomorphic effective potential 
W e //($). The mechanism of arising the chiral corrections to effective action looks as 
follows. According to non-renormalization theorem (see f.e. ||) all loop corrections to 
effective action can be expressed in form of integral over full superspace. However, it was 
pointed by West [0 that non-renormalization theorem does not forbid an existence of 
the finite chiral corrections to the effective action. The matter is the theories with chiral 
superfields admit the loop corrections of the form 





J d 8 zfm - ^)g(*) = J fzfWgW (9) 

where /(<&),<?(<&) are some functions of chiral superfield $. We note that eq. (H) shows 
the superfield $ is not a constant and if we are going to use eq. @ we should keep all 
terms with covariant derivatives in eq. (H). 

It is easy to understand why the chiral corrections can arise only for massless theories. 
Te factor D -1 in (|) can originate only from massless propagators. In massive cases the 
propagators looks like (□ — m 2 ) and the left-hand side of eq.(|9|) will have the following 
form 

instead of (|9]). After transformation to integral over chiral subspace and using Fourier 
transformation one gets 

7^/( $ )(^^)^( $ ) (11) 
(27r) V + m 
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Since we are going to obtain just potential we should consider the superfields slowly 
varying in space-time. It means we take the limit p 2 — > 0. It is evident that expression 
(HP vanishes at m 2 ^ 0, p 2 —> 0. Therefore non-trivial chiral corrections can arise only 



in massless theory. 

To find chiral corrections to effective action we put $ = in eqs. (4,5,7). Therefore 
here and further all derivatives of K, W and W will be taken at $ = 0. Under 
this condition the action of quantum superfields 0, in external superfield $ looks like 



S[0,0,$] = \jd 8 z( 




The dots here denote the terms of third, fourth and higher orders in quantum superfields. 
We call the theory massless if W |$=o = 0. Further we consider only massless theory. 

To calculate the corrections to iy($) we use supergraph technique (see f.e. |J). For 
this purpose one splits the action ( Jl2| ) into sum of free part and vertices of interaction. 
As a free part we take the action 

S = J d 8 z(j)0 
The corresponding superpropagator is 

G(z 1 ,z 2 ) = -^6 8 (z 1 -z 2 ) (13) 

And the term S[4>, 0, $] — So will be treated as vertices where S[0, 0, $] is given by eq. 
(10). Our purpose is to find first leading contribution to W e ff(<&). As we will show, chiral 
loop contributions are began with two loops. Therefore we keep in eq. (10) only the terms 
of second, third and fourth orders in quantum fields. 

According to (improved) supergraph technique |[2] (see also 0) it is convenient to 
associate all possible D-factors in diagrams with propagators but not with vertices and 
transform all contributions in the form with a single integral over Grassmannian coordi- 
nates. Since the action (10) contains the pure chiral vertices we should use one of factors 
D 2 or D 2 in the propagators to transform the integrals over chiral subspace into the in- 
tegrals over full superspace. As a result one of propagators associated with each such a 
vertex contains one factor D 2 or D 2 less (see f| for details). 

The possible vertices contributing to one- and two-loop corrections have the structure 

K^c/) 2 , (K^ - 1)00, -W"(f) 2 , W^cp 3 , W-Wm.0 4 , K^(p 2 (t), 
i^$$$|,0 2 2 , -^$$$#0 3 (14) 

There should be also the vertices conjugate to ones (12). 

To clarify which vertices actually contribute to chiral quantum corrections we carry 
out a dimensional analysis of the supergraphs in one- and two-loop approximations. To 
be more precise we find full mass dimension of the supergraphs depending on number of 
vertices, propagators and loop integrations in the diagram. 

Each propagator of the form (|T3|) contributes since dimension of D a , is equal to 
1/2, and that one of d m is equal to 1. 
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Each loop includes integration over momenta with contribution to dimension equal to 
4. Then, each contraction of a loop into a point in #-space by the rule S^DfDfS^ = 165i2 
requires four D, Z)-factors. Therefore total number of D a -, D^-factors contributing to the 
dimension is reduced by 4, and hence each loop contributes 2. 

Each vertex proportional to W (W ) formally corresponds to two D 2 - (D 2 -) factors 
but one of them is used to transform the contribution of the vertex to the form of an 
integral over d s z. Therefore each such a vertex reduces mass dimension by 1. One can 
show analogously that each vertex proportional to higher derivatives of W, W reduces 
mass dimension by 1. 

One of factors D 2 associated with propagators is transformed to d'Alembertian oper- 
ator when the expression (0) is converted to the form of an integral over chiral subspace. 
Hence total dimension of the supergraph is increased by 1. 

Therefore contribution of each diagram has the dimension equal to 2L + 1 — n w » — ny c 
where L is a number of loops, n w n is a number of vertices W , ny c is a number of vertices 
proportional to third and higher derivatives of W, W. By definition effective potential is 
an effective lagrangian in limit p 2 — > 0. Therefore non-trivial correction to holomorphic 
effective potential can arise only at 

2L + 1- n w n - n Vc = (15) 

Otherwise the contribution from diagram can either vanish or be singular in infrared 
limit. We note that vertices proportional to derivatives from K(§, $) do not contribute 
to dimension. 

After each pair D 2 D 2 is transformed to square of internal momentum by the rule 
D 2 D 2 = —16k 2 one factor D 2 should rest to be converted to square of external momentum 
after transformation of the expression (^) to the form of integral over chiral subspace. 
Therefore diagram contributes to holomorphic effective potential if and only if the number 
of .D 2 -factors is more by one than the number of D 2, s after transformation of all vertices 
to the form of integrals over full superspace. 

It is easy to see that one of two factors D 2 associated with the vertex proportional 
to Kq><$> can be transported to external line only. Since all derivatives of K and W are 
considered at $ = the acting of D 2 to the external line Kq><£ leads to zero. Hence vertices 
proportional to do not contribute to holomorphic effective potential. 

Now let us consider different one-loop and two-loop diagrams. In one-loop approxima- 
tion n w " + riy c = 3 because of (|15|) . However, for one-loop supergraphs V c = 0, therefore 
n w" = 2- Since each of external vertices W corresponds to D 2 , and number of _D 2 -factors 
must be more by one than number of _D 2 -factors, possible diagram should contain two 
vertices proportional to K$$. However, straightforward constructing shows that the one- 

D 2 D 2 

loop diagram of such a type should contain a line proportional to ^ 6 2 £ 12 = 0. Therefore 
contribution of this supergraph is equal to zero, and one-loop correction to holomorphic 
effective potential is absent at all, W^^($) = 0. 

In two-loop approximation one gets the condition n w " + riy c = 5 because of ([15]). 
Since the number of purely chiral (antichiral) vertices independent of W in two-loop 
supergraphs can be equal to 0, 1 or 2, number of external vertices W takes values from 
3 to 5. 

It is well known that there are two types of two-loop one-particle-irreducible diagrams 
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(see Figs, la, lb). 




Fig.la Fig.lb 

However, to consider contributions from diagrams of these types we must take into account 
that they can include all vertices described in flUp. It was mentioned already that each 
vertex proportional to W corresponds to one factor D 2 , and each chiral (antichiral) vertex 
proportional to n (0™) corresponds to n— 1 factors D 2 (D 2 ) []. Each vertex proportional 
to m 0™ corresponds to m factors D 2 and n factors D 2 . 

We note that non-trivial contribution to holomorphic effective potential from any 
diagram can arise only if number of D 2 -factors is more by one than the number of D 2 - 
factors. 

The only Green function in the theory is a propagator < 00 >. Therefore total number 
of quantum chiral superfields corresponding to all vertices must be equal to that one of 
antichiral ones 0. 

Now we turn directly to studying of supergraphs given in Figs, la, lb. First let 
us consider diagrams of the form Fig.la. The only vertex of fourth order in quantum 
superfields has the form 0'0 4- ' where / is a some integer taking values from to 4. 
Each vertex proportional to W corresponds to two and each one proportional to 
corresponds to two 0. Then, vertex proportional to Kq,^ — 1 corresponds to one and one 
0. Therefore total number of chiral quantum superfields in vertices leading to such a 
diagram is equal to I + 2n w » + and that one of antichiral quantum superfields - to 
4 — / + 2n K -- + Uk , , where %» , n# , and n K -- - are numbers of vertices proportional 
to W" , K$,q, — 1 and respectively. Since numbers of quantum superfields and 
corresponding to all vertices must be equal we conclude that I + 2n w " = 4 — I + 2riK m - 
Hence nx m = n w " +1 — 2. Then, let us find number of factors D 2 and D 2 in such 
a diagram. The vertex proportional to Z 4_/ corresponds to I factors D 2 and 4 — / 
factors D 2 . However, if I = or I = 4, number of factors D 2 (respectively D 2 ) must 
be reduced by one because transformation of the expression corresponding to such a 
vertex to the form of integration over total superspace by the rule / d 2 9(— ^-) = / d 4 9 
(or / d 2 9{—^-) = J d^O) requires one D 2 - (respectively D 2 -)factor. Therefore the vertex 
of fourth order in quantum superfields corresponds to I — Ny D 2 -factors and 4 — I — N v 
-D 2 -factors where Ny and N v are numbers of purely chiral and antichiral vertices of third 
and higher orders in quantum superfields (N v and Ny can be equal to or 1 for such a 
supergraph). Besides, each vertex proportional to corresponds to two _D 2 -factors, and 
that one proportional to W - to one D 2 -factor. As a result, total number of -D 2 -factors is 
equal to 2uk^ + 4 — I — N v + = , and that one of D 2 -factors - to n W " + 1 — Ny + nx^- 
We again note that the contribution to holomorphic effective potential can arise if and 
only if total number of D 2 -factors is more by one than number of Z) 2 -factors. Then, 
n K^ — n w" + ^ ~ 2 (see above). Therefore necessary correlation between numbers of D 2 - 

1 We note that each vertex of such types corresponds to an integral over d 6 z (d 6 z). At the same time, 
one factor D 2 (D 2 ) is associated with each field <j> (4>). Hence vertex <j> n (<j) n ) corresponds to n factors D 2 
(D 2 ) but one of them is used to transform the expression to the form of an integral over d 8 z. 
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and Z} 2 -factors is satisfied if n w " + N 



Ny = 1. However, we proved that non-trivial 
holomorphic effective potential can arise if n W " is equal to 3, 4 or 5. And Ny and N v can 
be equal to or 1 for supergraphs of such a type. Therefore relation n w » — N v + N v = 1 
is not satisfied and diagrams of the type given in Fig. la do not contribute to holomorphic 
effective potential. 

Now we turn to studying of diagrams of the type written in Fig. lb. These supergraphs 
contain two vertices which have the form <j) ll (j) 3 ~ l1 and 0' 2 3_Z2 respectively. The l\, li are 
integer, they can take values 0,1,2,3. In analogy with the previous case, it can be shown 
that the total number of chiral quantum superfields in vertices leading such a diagram 
is equal to li + l 2 + 2n w >r + n# 5 , and total number of antichiral quantum superfields 
cf) - to 4 — I + 2n K + % . Since these two numbers must be equal (see above) we 
conclude that riK m = n W " + l\ + h — 3. Further, number of _D 2 -factors is equal to 
2riK m +6— 1\— N v +riK ,,= , and the number of D 2 -factors - to n w » +I1+I2— Nv+tik^- 
As usual, any diagram can contribute to holomorphic effective potential if number of D 2 - 
factors is more by one than number of D 2 -factors. Since = n w " +/i+/2 — 3 non-trivial 
contribution to holomorphic effective potential can arise if n w » + Ny — N v = 1. This 
condition is satisfied only if n w " = 3, Ny = 0, N v = 2. Therefore both vertices of 
third order in quantum superfields have the form W 3 , and riK m = 0. We note that 
there is no any restrictions for the number of vertices proportional to — 1. The 
possible supergraph satisfying these conditions includes three external vertices W and 
two antichiral vertices of the form W 3 . There is the only diagram of such a form (see 
Fig.3). 

Now let us turn straightforward calculation of two-loop correction to holomorphic 
effective potential. We have shown that supergraphs contributing to this potential can 
contain only vertices proportional to W , W , K§§ — 1. It means it is sufficient to 
consider the theory with the action 



S = / d % zK^(j)<p + 



(Fz-W 
2 



+ 



3! 



(16) 



We find the propagator of quantum superfield corresponding to quadratic action S = 
J d s zK< s> $<jxj). It can be represented in the form of expansion in vertices — 1 which 
has the form (Fig. 2) 

-fQxi> — 1 -fCj>i> — 1 — 1 



D 2 D 2 



D 2 D 2 



D 2 D 2 



+ 



D 2 D 2 



D 2 D 2 



\D 2 D 2 



D 2 D 2 



+ . . 



Fig.2 

Bold line in this supergraph denotes the propagator corresponding to quadratic action 
(|l6|), and thin one is standard superpropagator (|13|). Dashed-and-dotted line means the 
external superfield — 1. 

After summarization of the chain written in Fig.2 the propagator depending on back- 
ground superfields looks like 



< 



-DlD l 58{Zl - Z2) 



We note that the superfield is not constant here. 



(17) 
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We have already pointed that there is the only supergraph contributing to holomorphic 
effective potential in two-loop approximation. This diagram is written in Fig. 3. Double 
external lines here denote background superfields W . 




Fig.3 

Contribution of supergraph given in Fig. 3 looks like 



d 4 pid 4 p 2 d 4 kd 4 l 



r A A A A W W 

J d%d%d%d%d%j^-(- Pu e 3 )j^-(- P2 ,e,) x 



w_ 

T 

4»P 



(27t) 8 (2tt) - 

W " , n \jtr'"2 1 

5— (Pi + P2l "5) VV n n n o 

Kl* k 2 P(k+ Pl ) 2 (l+p 2 ) 2 (l + k) 2 (l + k + Pl +p 2 ) 2 

D 2 D 2 D 2 D 2 D' 



x 



X ^13 — d> 32 — 014^42 

4 lo lo 



After D-algebra transformation this expression can be written as 

/■ . / - ■ ■ r ; / d-mv" 2 



(27T) 8 (27T)' - 

k 2 p 2 + l 2 p 2 + 2(kl)( Pl p 2 ) 

k 2 l 2 (k + Pl ) 2 (l + p 2 f(l + k) 2 (l + k + Pl + p 2 f 



(19) 



As we know the effective potential is the effective lagrangian for superfields slowly 
varying in space-time. Let us study behaviour of the expression (|T9"|) in this case. The 
contribution ( |T9"D can be expressed as 



dH , d* Pl d% w „ l2 w 



K. 



w w 
2 -Pi,e)^ 2 -(-p 2 ,6) T ^(p 1 + p 2 ,e)s(p 1 , P2 ) (20) 



Ki 



(2tt) 

Here pi,p 2 are external momenta. The expression S(pi,p 2 ) here is equal to 

r d 4 kdH k 2 p\ + l 2 p\ + 2(kl) (pm) 

' (2tt) 8 k 2 l 2 (k + Pl ) 2 (l + p 2 f(l + kf(l + k + Pl + p 2 f 

After Fourier transform eq. (|20"D has the form 

d 4 pid 4 p 2 - ,„ 2 W 



x 



J d 2 9 J d A xid 4 x 2 d A X3 J 
W 



W 



-\v* 1 ^-(x 1 ,e) 1 ^(x 2 ,e)x 



K 



(2*0 

2 v x 3 ,6 l )exp[i(-pia;i - p 2 x 2 + (p x + p 2 )x 3 )]S(pi,p 2 



(21) 
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Since superfields in the case under consideration are slowly varying in space-time we can 
put ^-( Xl ,e)^-(x 2 ,e)^(x 3 ,6) ~ {|gg§)} 3 . As a result one gets 

I = JdOjdxidxtdx^J-^-W {j^e)} x 

x exp[i(-p 1 xi-p 2 x 2 + (pi+P2)x 3 )]S(p 1 ,p2) (22) 

Integration over d x 2 d x% leads to delta-functions S(p 2 )S(pi +p 2 ). Hence the eq. ( |2T| ) 
takes the form 

i = jd 2 ej d4 ^ w ''' 2 { KiJ x \ % } s ^p^ !^ 2 =o (23) 

Therefore final result for two-loop correction to holomorphic effective potential looks like 

= — ^C(3)r" 2 {^I} 3 (24) 

One reminds that W'" = W'" (&)\$ =0 and K^(z) = 9 ^q^ \$ =0 here. We also took into 
account that 

dVl k 2 p\ + l 2 pl + 2{k l k 2 ){p l p 2 ) _ 6 

(2tt) 8 k 2 P(k + p 1 ) 2 (l+p 2 ) 2 (l + k) 2 (l + k + p 1 +p 2 ) 2lpi - p2 ~° (4tt) 4U 

We see that the correction (p24"|) is finite and does not require renormalization. It is evident 
that eq. reproduces the known results for Wess-Zumino model at W = — ^$ 3 , 

We would like to emphasize that the result ([21]) defining holomorphic effective potential 
corresponds to only massless theory. Therefore, the known statement Jll| about absence 
of holomorphic corrections in Wess-Zumino model which has been obtained for massive 
theory, cannot be applied in the case under consideration. 

To conclude, we have solved the problem of calculating leading holomorphic correction 
to superfield effective action in general chiral superfield model (1) with arbitrary potentials 
A($, $) and W(Q). The result has the universal form ( p4|) and it is finite independently 
if the functions K($>, $), Vl/($) correspond to renormalizable theory or no. 
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